Abstract. Let G be a step-two nilpotent group of H-type with Lie algebra G = V ⊕ t. We define a class of vector fields X = {X j } on G depending on a real parameter k ≥ 1, and we consider the corresponding p-Laplacian operator L p,k u = div X (|∇ X u| p−2 ∇ X u). For k = 1 the vector fields X = {X j } are the left invariant vector fields corresponding to an orthonormal basis of V , for k = 2 and G being the Heisenberg group they are introduced by Greiner [12]. In this paper we obtain the fundamental solution for the operator L p,k and as an application, we get a Hardy type inequality associated with X.
Introduction
The study of partial differential operators constructed from non-commutative vector fields satisfying the Hörmander condition [14] has had much development. An important class of such fields, serving as local models, is that of left-invariant vector fields on stratified, nilpotent Lie groups with their associated sub-Laplacians defined by the square-sums of the vector fields. One of the main tools in the study of the regularity theory of the sub-Laplacian equation is the fundamental solution; this has been developed in the works of Folland [5] and [6] , Folland and Stein [7] , Nagel, Stein and Wainger [17] , Rothschild and Stein [19] and Sanchez-Calle [20] . In the papers [2, 13] the authors studied a class of subelliptic pLaplacians on H-type group associated with the left-invariant vector fields and found the corresponding fundamental solution. Z jZj +Z j Z j is studied in [1] . As is well-known, the explicit formula of the fundamental solution is of substantial importance in the study of boundary∂-problem; see e.g. [21] . In [22] Zhang and Niu studied the Greiner vector fields on R 2n+1 for general parameter k ≥ 1 and found the fundamental solution for the degenerate p-subelliptic operators L p,k ,; see Section 2 below. Note that for non-integral k these vector fields do not satisfy the Hörmander condition and are not smooth.
Heisenberg groups have natural generalizations, namely Carnot groups which are the nilpotent stratified Lie groups G with Lie algebras
with the sub-Riemannian structure defined by the generating subspaces V 1 . The sub-Laplacian has generalization to p-sub-Laplacian generated by non-invariant vector fields. The p-subLaplacian in this setting plays important role in the study of quasiregular maps [13] . The general theory in this setup is still not fully developed.
An important subclass of Carnot groups is that of H-type groups which were introduced by Kaplan [15] as direct generalizations of Heisenberg groups. In the present paper we will define a class of vector fields X (see (2.3) below) on H-type groups generalizing the vector fields (1.1) considered in [1] and [22] , and we find the fundamental solution of the corresponding p-Laplacian with singularity at the identity element. As application we prove a Hardy type inequality associated to X.
Here is a brief review and comparison of our results with those in the literature. The case of Heisenberg groups with general parameter k is done in [22] . When G is a general Carnot group with the sub-Laplacian being invariant Hardy type inequality has been proved by D'Ambrosio [3] ; see also [4] where Hardy type inequalities on Heisenberg groups are studied. Our vector fields are however not invariant and not smooth for non-integral k, and our techniques are slightly different from theirs. In particular the computations in our case are rather involved; we use some fine structure of the H-type groups and we obtain also the best constant for the Hardy type inequality.
The paper is organized as follows. In Section 2 we recall some basic facts of the H-type group and introduce the degenerate p-Laplacian operator L p,k generalizing the invariant subLaplacian; Section 3 is devoted to the proof of the fundamental solution for L p,k ; In the final Section 4 we prove the Hardy type inequality associated with X.
for all t ∈ t, u, v ∈ V. We denote m = dimV and q = dimt.
We identify G with its Lie algebra G via the exponential map, exp : V ⊕ t → G. The Lie group product is given by
Each vector X ∈ G defines a tangent vector at any g by differentiating along g · exp(tX), namely a left-invariant vector field, denoted also by X. The sub-Laplacian on G is
where {X j } is an orthonormal basis of V .
For g ∈ G, we write g = (z(g), t(g)) ∈ V ⊕ t, and let
. In [15] Kaplan proved that there exists a constant C > 0 such that the function
is a fundamental solution for the operator ∆ G with singularity at the identity element. We note that m + 2q is the homogeneous dimension of G.
In [2] the authors considered the following subelliptic p-Laplacian
is an orthogonal basis of V , X * j is the formal adjoint of X j , and ∇ G = (X 1 , ..., X m ). For p = 2 it is the sub-Laplacian above. They obtained a remarkable explicit formula for the fundamental solution of ∆ p ,
As application, the authors obtained some regularity results for a class of nonlinear subelliptic equations.
Motivated by the work of Greiner, Beals and Gaveau [1] , Zhang and Niu [22] considered the following degenerate p-subelliptic operators on the Heisenberg group R 2n+1 :
Here
..,n are the Greiner type vector fields (1.1) for general k ≥ 1. They obtained a fundamental solution for L p,k at the origin for 1 < p < ∞,
where ρ(z, t) = (|z|
Remark 1. Note that when p = 2 and k = 1, L p,k becomes the sub-Laplacian ∆ H n on the Heisenberg group H n . If p = 2 and k = 2, 3, ..., L p,k is a Greiner operator (see [1] , [12] ). Also we note that vector fields in (1.1) do not possess the translation invariance and they do not satisfy Hörmander's condition for k > 1, k / ∈ Z. Finally we mention that L p,k u = 0 is the Euler-Lagrange equation associated to the functional
In the present paper we introduce a family of the vector fields X = {X 1 , ..., X m } and the corresponding p−sub-Laplacian on H-type groups generalizing both of the works above. We let (2.3)
where
are the directional derivatives, {e j } j=1,...,m is an orthonormal basis of V and k ≥ 1 is a fixed parameter. We consider the corresponding degenerate p-Laplacian operator
It is easy to verify that volume is transformed by δ via
where Q := m + 2kq, which we may call the degree of homogeneity and is the homogeneous dimension in the case k = 1. We define a corresponding homogeneous norm by
Fundamental Solutions
The main result of this section is the following Theorem 1. Let G be a H-type group identified with its Lie algebra G as in (2.2). Then for 1 < p < ∞,
is a fundamental solution of L p,k with singularity at the identity element 0 ∈ G. Here d(z, t) is defined in (2.6), ) .
We prove first some technical identities, which might be of independent interests.
. Then we have
Proof. By direct computation,
(3.10)
z, e j J t (z), e j = J t (z), z = 0.
Consequently
proving the first identity. Continuing the previous computation of X j d ǫ , we find
(3.13)
To compute the last term in (3.13), we choose an orthonormal basis
(3.14)
where Q = m + 2kq. We can find X
by using the first identity.
We prove now Theorem 1.
Proof. We consider the case 1 < p < Q first. Denote
(3.18) I 1 and I 2 can be found by using the Lemma 1,
and the Lemma 1, we find
Hence,
where Finally we evaluate the integral G ψ(z, t). We use the polar coordinates z = rz * with r = d and z * ∈ S := {g ∈ G : d(g) = 1} being the sphere with respect to d . By a general integral formula on homogeneous groups (see [7] , Proposition 1.15) we have
Denote temporarily γ = (2k − 1)p. We use the usual trick to evaluate the integral on the sphere, replacing it by an integral on the ball,
and furthermore
) .
Thus,
) , and substituthing this into the previous formula for − G ψ(z, t) we find
proving Theorem 1 for 1 < p < Q.
An direct examination shows that the formula also holds for p > Q, and the critical case p = Q can be treated similarly, we omit the details.
By a similar method as in Theorem 1, we can also obtain a fundamental solution for a class of weighted p-Laplacian operators on the H-type group
where {X j } j=1,...,m is taken from (2.3) and d(z, t) from (2.6).
Theorem 2. Let G be the H-type group above L p,k,w the p-sub-Laplacian defined defined as in (3.25) . Then for 1 < p < ∞
is a fundamental solution of L p,k,w with singularity at the identity element 0 ∈ G, where
and
Hardy type inequality
We recall that the classical Hardy inequality states that, for n ≥ 3,
where Φ ∈ C ∞ 0 (R n \ {0}). It can also be rewritten in terms of certain Schrödinger operator.
The inequality and their generalizations are thus of interests in the study of spectral theory of linear and nonlinear partial differential equations (see e. g. [8] , [10] , [11] ).
In [9] Garofalo and Lanconelli established the following Hardy inequality on the Heisenberg group H = H n associated with left-invariant horizontal gradient ∇ H , (4.27)
This can be computed by using the polar coordinates as in proof of Theorem 1 and is +III + IV.
The first integration is precisely the same as above and is Dividing both sides by j and letting j → ∞ prove our claim.
An immediate consequence of Theorem 3 is the following corollary, known also as the uncertainty principle, this can be proved by estimating the left hand side using Hölder inequality together with inequality (4.29) for α = 0. Corollary 1. Let G be the H-type group with the homogeneous dimension Q = m + 2kq associated with the dilations (2.5). u ∈ C ∞ 0 (G\{0}), 
